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Transport properties in a two-temperature plasma: Theory and application
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An alternate derivation of transport properties in a two-temperature plasma has been performed. Indeed,
recent works have shown that the simplified theory of transport properties out of thermal equilibrium intro-
duced by Devoto and then Bonnefoi, very often used in two-temperature modeling, is questionable and
particularly does not work when calculating the combined diffusion coefficients of Murphy. Thus, in this paper,
transport properties are derived without Bonnefoi's assumptions in a nonreactive two-temperature plasma,
assuming chemical equilibrium is achieved. The electron kinetic temperajuise supposed to be different
from that of heavy specie§,. Only elastic processes are considered in a collision-dominated plasma. The
resolution of Boltzmann’s equation, thanks to the Chapman-Enskog method, is used to calculate transport
coefficients from sets of linear equations. The solution of these systems allows transport coefficients to be
written as linear combinations of collision integrals, which take into account the interaction potential for a
collision between two particles. These linear combinations are derived by extending the definition and the
calculation of bracket integrals introduced by Chapreaal. to the thermal nonequilibrium case. The obtained
results are rigorously the same as those of Hirschfeltaal. at thermal equilibrium. The derivation of
diffusion velocity and heat flux shows the contribution of a new gradient, that of the temperaturé ratio
=T./T,. An application is presented for a two-temperature argon plasma. First, it is shown that the two-
temperature linear combinations of collision integrals are drastically modified with respect to equilibrium.
Secondly, the two-temperature simplified theory of transport coefficients of Devoto and Bonnefoi underesti-
mates the electron thermal conductivity with respect to the accurate valie=20 000 K. Lastly, contrary to
the simplified theory of transport coefficients, the diffusion coefficients satisfy the symmetry conditions. An
example is given al,=6000 K for different values of) for the diffusion coefficient between electrons and
heavy specie® . 5, as well as for that between argon atoms and argon RS, +.
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[. INTRODUCTION mann’s equation due to the Chapman-Enskog method. The
distribution function of different species is assumed to be a
The wide variety of experimental devices that generatéMaxwellian distribution function perturbed by a first-order

thermal plasmas, namely high-intensity arcs, thermal rf disperturbation function. The latter is developed in the form of
charges, or microwave dischardds, has allowed the devel- a series of Sonine polynomials, and is used to express, ac-
opment, for the past 30 years, of numerous applications, suatording to the chosen approximation order, the transport co-
as deposition, cutting, welding, surface modifications, heatefficients as determinants depending on collision integrals
ing (ladles or tundishgs extractive metallurgy, waste de- taking into account the interaction potential between two col-
struction, etc[2,3]. In spite of the great strides in the devel- |iding species.
opment of plasma processes, the growth of these Since the 1960s, thermal and electrical conductivities, and
technologies, as stated by Pfender for plasma sprayhg viscosity, have been widely calculated at thermal equilibrium
has been “relatively slow for two reasons: there is still a lacksgy pure or binary nonreactive plasma-forming gases, for
of a solid engineering base in terms of control, reproductibil-examp|e,[5_10]) and more recently for reactive gagdd].
ity and optimization of thermal processes; and there is only &, equilibrium calculations have allowed a better under-
limited range of applications that appear to be economicall;gtanding of the plasma flow neglecting diffusion phenomena.

\iggées brg;ﬁd %?fgrrtzsﬁgt ée%k;réonlogg.”o'lt':gt tig’ vn:%e?igcet;g%he difficulty with diffusion is the number of coefficients to
' y v v N9 be considered: sK(K—1) ordinary diffusion coefficients

backed by measurements, have not only enhanced o e - T .
knowledge base but also have made and should make esseni and (K—1) thermal diffusion coefficient®, , K being

tial contributions towards removing sources of the previously€ number of species to be considered in the plasma. For
mentioned obstacles that hamper the growth of this technof*@mple, in a binary mixture of Nand H,, at least 10 spe-
ogy. To simulate the plasma flow within the current-carryingCies have to be considered. Diffusion was taken into account
area or the plasma jet, knowledge of thermodynamic an@_”'y in the 1990s thanks to the combined dlffus_lon coeffi-
transport properties is a prerequisite. However, the reliabilitfients of Murphy[12]. He has useg the properties of the
of these simulations is strongly dependent on the accuracy éfiffusion coefficientsD;;=D;; andD;=—Dy, in a binary
these data, especially the transport coefficients being usedMmixture to describe the diffusive mixing of two nonreactive
The theory of transport properties of nonreactive gases dPnized gase# andB at thermal equilibrium, and he defined
thermal equilibrium is based on the resolution of Boltz-combined diffusion coefficient®’sg, D ag, andDRg, respec-
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tively, due to concentration, temperature, and pressure gradélectric arcs, have used the expressions of SpitzemHad],
ents (depending orD;; and D). This method has allowed giving the electrical and thermal conductivities, as well as
him to explain demixing processes in an As-flee-burning  the thermal binary diffusion coefficients. However, these for-
arc[13,14. Similar calculations were also performed for an mulas have been derived at thermal equilibrium, in the
Ar-N, free-burning ar¢15], showing that demixing causes a 1950s, for a fully ionized plasmg82]. In his very recent
significant increase in the nitrogen mass fraction in the cennonequilibrium modeling of transferred arcs, Haif{a8] has
tral region out to a radius of 1 mm. used the two-temperature transport coefficients of Devoto
However, during the past two decades, with the growind 34,35. Also very recently, Gonzalest al. [36] have pre-
development of spectroscopic or laser scattering techniquesented a two-temperature modeling high-voltage SF6 circuit
for plasma diagnostics, it has been shown that in thermabreaker using also transport coefficients calculated from De-
plasmas used in the different processes, nonequilibrium igoto’s work. Thus, many models use either very crude ap-
more the rule than the exception. The electron kinetic temproximations of two-temperature transport coefficients, often
peratureT, can be different from that of heavy speci€s  adapted from equilibrium calculations, or the only available
because of, on the one hand, the huge mass difference bgyo-temperature theory of transport properties, which is that
tween these two kinds of particles and, on the other hand, thgr pevoto [34,35.
high mobility of eleqtrons in an e_Iectric figld _compared to Devoto[34,35 has derived the transport coefficients in a
that of heavy species. The fraction of kinetic energy ex-o.temperature plasma starting from a simplified kinetic ap-
changed during a collision between an electron and a heaWoach. He has assumed that the distribution function of
species is so weak that an equilibrium state with two temy,g4yy species is weakly affected by electrons during colli-
peratures can be defined when collisions are not too nuMekjons so that the change, during collision, of the first-order
ous. In such a case, the two-temperature plasma compositiof, i rhation function of heavy species is much smaller than
and the related thermodynamic functions can be obtainegh; of electrons. He has then obtained simplified expressions
[16-20. , for the different fluxes of mass, momentum, and energy,
For example, Farmeet al. [21] have presented evidence \yhich has allowed us to separate the calculation of transport
for departures from local thermodynamical equilibrium cqefficients of electrons and heavy species. However, Bon-
(LTE) in the region near the cathode in an argon free-burning,qo; [37,38 has shown that the definition given by Devoto

arc. Haidar[22] has also noted this situation as well as 5 . o e .
Tanakaet aIF [2]3]_ According to these authors, deviations of the vectord; including the driving forces for diffusion did

from LTE are due to the cold gas, which penetrates by thélot check the closure relationshi_ ,d; =0 in the descrip-
Maecker effect into the arc plasma. Bouagtzal. [24] have  tion of the two-temperature plasma. He has developed an
also shown the departure from LTE in the vicinity of the a_dap'ge_d for_mal_lsm to this alternate definition, but stays in the
anode of an argon_transferred arc for Cutting or We|d|ng apSImp“fled .kl.netIC approach. It has to be noted. that the trans-
plications. In general, in the dc arc electrode vicinity, non-Port coefficients of Devoto have been applied at thermal
equilibrium always prevail{25]. Andre et al. [26] have equmbrlu_m as well as out of thermal equilibrium since the
shown by spectroscopic analysis that nonequilibrium also ex@ssumption of the large mass difference between electrons
ists in an inductively coupled plasma torch working at lessand heavy particles always stands. Indeed, transport coeffi-
than akW supplied power level with argon as a plasma-cients of electrons have only to be affected by the electron
forming gas. Cheret al. [27] have put the emphasis on the temperatureT., whereas those of heavy species by heavy
diffusion of electrons from the core of a plasma jet to itsSPecies have to be affected by the temperafiyrbecause of
fringes, resulting in a strong departure from LTE in this re-the uncoupling between electrons and h_eavy species. The
gion. To conclude from the few presented examples, mangase of use of Devoto's formulas explains why so many
authors have highlighted departures from LTE in very differ-models use his theory. It seems that Devoto’s assumptions
ent experimental conditions. are valid at thermal equilibrium since a good agreement is
To predict mass, energy, and momentum transfer in plasobserved when comparing thermal conductivity and viscos-
mas out of thermal equilibrium, experimental studies arelty coefficient calculated from the complete expressions and
usually combined with modeling. Nevertheless, the numerithose from the simplified ond$5].
cal data, which give two-temperature transport coefficients Nevertheless, as soon aS- diffusion is taken into account in
(excluding diffusion, used to solve the mass, energy, anda two-temperature model, it has been shdsg] that the
momentum equations, are very rare. Indeed, in 1981, Che@PPplication of combined diffusion coefficients as defined by
et al. [28] have recognized the lack in the literature of two- Murphy at equilibrium[12] and calculated using Devoto's
temperature reliable transport coefficients and used approxgimplified theory leads to unphysical results even wfign
mate data for a two-temperature modeling of the anode corfends toward3,. When using the simplified theory of trans-
traction in an atmospheric pressure argon plasma. Fifteeport coefficients of Devoto, the symmetry relationships
years later, Charradzt al.[29] calculated electrical and ther- D%g=D}, andD = — Dy, are not fulfilled when the ion-
mal conductivities and viscosity from data given by Hir- ization degree exceeds 10P89]. This simplified theory is
schfelderet al. [5] at thermal equilibrium that they have therefore not adapted to account for diffusion in a multitem-
adapted to the two-temperature modeling of a mercury highperature plasma.
pressure plasma. Jenise&t al. [30], developing a two- This paper is aimed at deriving diffusion coefficients,
temperature modeling of the anode region in high-currenthermal conductivity, and viscosity coefficients in a two-

026409-2



TRANSPORT PROPERTIES IN A TWO-TEMPERATUR . . PHYSICAL REVIEW E 64 026409

temperature plasma, that is, when the kinetic temperature déinctions. The derivation of diffusion velocity, heat flux, and
electronsT, is different from that of heavy specid@s, with-  tensor of pressure will be performed. It will be shown that
out Devoto’s assumptions. The developed theory demorthe derivation of diffusion velocity as well as that of heat
strates, at least for argon, for which calculations have beefiux introduces a new gradient due to the temperature ratio
performed, that Devoto’s theory underestimates the thermaf=Te/T and that two-temperature diffusion coefficients be-
conductivity. Two-temperature diffusion coefficients, which tween electrons and heavy species can be defined contrary to
to our knowledge no theory provides with accuracy, will al- the simplified theory of Devoto. . o
low us to derive in particular two-temperature combined dif-  The results of derivations of bracket integrals, indispens-
fusion coefficients used to describe demixing in free-burningtPle for the calculation of transport coefficients out of ther-
arcs[13], which is neglected by most two-temperature mod-mal equilibrium, will also be presented, as well as the defi-
els. Indeed, Murphyet al. [40], comparing spectroscopic Nition of collision integrals introducing a collision effective
measurement and an equilibrium numerical model that takel€mperaturel; between electrons and heavy species.
into account diffusion, have shown that two-temperature de- To validate this theory, an application is given for a two-
mixing cannot be a negligible process. The numerical modelemperature argon plasma, often used in experimental de-
underestimates by almost 50% the hydrogen mass fractiovices as shown previously. Accurate two-temperature trans-
with respect to measurements on the axis at 1 mm below thort coefficients are calculated. Important discrepancies
cathode in a region where departures from LTE prevail. Murbetween our results and those of the simplified theory of
phy et al. [40] attribute this discrepancy in part to transport Devoto are obtained, showing then that the latter cannot be
coefficients that should be calculated in nonequilibrium con2applied in two-temperature plasma.
ditions. It has to be noted that Janseti] has taken into Appendix A defines mathematical notations used in the
account diffusion processes based on Stefan-Maxwell equéollowing expansions. Appendix B gives more details
tions in a two-temperature plasrf42] in a numerical simu- about the calculations of bracket integrals.
lation model for a hydrogen-cascaded arc plasma. However,
in this hydrodynamic approach, the linear system of equa- |I. RESOLUTION OF THE BOLTZMANN'S EQUATION
tions for diffusive mass fluxes with respect to the mass- o o
averaged velocity of the mixture is not solved exactly and an A. Preliminary definitions
effective binary diffusion approximation is used. Kolesnikov  If t is the time,m;, F, andv; are, respectively, the mass,
et al. [43,44 have presented an accurate self-consistent sehe space vector, and the velocity of a particle of tte
pf Stefan-Maxwell equations for multicomponent diﬁUSiO”,specieslfi is the external force acting on it, afid(7,5; ,t) is
in a two-temperature plasma, but, unfortunately, no numerigqe gistribution function of this species, the following defi-
cal result'h'as been dlsp'layed 'to our know[edge. Moreovehiiions are adopted.
when defml_ng t_he comb_ln_ed dlfoSlc_Jn coefficients, Murphy The index 1 is for electrons,
has used diffusion coefficients obtained from the resolution
of Boltzmann’s equation rather than those resulting from the o .
hydrodynamic approach. ni:f fi(F,ui,t)do;, 2.1

The presented derivation is based on the resolution of
Boltzmann's equation of each species in a nonreactive mixn. peing the number density of théh species;
ture due to the Chapman-Enskog methéd It is assumed
that the electron temperatufg is higher than that of heavy 1
speciesT},, their difference being characterized by their ratio Uizﬁf v; fi(F,0;,t)du; 2.2
0= Te/Th . :
rea-lt—:?i(e)nChk;aeTvva;elant?gg %}Cif“tfz(:eﬁltazrg:c)ilesmfwrg 2(t(ﬂh?; Cchheenrqr;?cilll v being thg mean veI(_)cny o.f thth Species.

N : s If the mixture containdN different species, the mass av-
equilibrium is supposed to be achieved. The composition of I : .
i erage velocity, is defined as follows:

the two-temperature plasma is supposed to be known even
though the disagreement between authibvs45-5] dealing N
with the generalized Saha equation, the Gibbs free-energy i :E E Mg 2.3

L . . . . . 0 iMmyv;, .
minimization, or the calculation kinetic method of composi- pi=1
tion highlights the difficulty of defining the “equilibrium
state” of a two-temperature plasma. p being the density of the plasma=3 ,p;, with p

Moreover, the energy transfers are limited to elastic col-=n,m, the density of théth species.
lisions in a collision-dominated plasma. The “elastic’ Knud-  The peculiar and the reduced velocities defined for the
sen number is much smaller than unity, regardless of thgemperatureT; are, respectively, written as
considered species in the mixture. Radiation is not

considered. = =

First, we will present the resolution of Boltzmann’s equa- Vi=vi~vo, 24
tion due to the Chapman-Enskog method adapted to non- 12
equilibrium plasma and leading to the introduction of sets of W = (ﬂ) V. . (2.5
linear equations allowing us to calculate the distribution bl 2KT; '
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The total pressure of the plasma, assumed to be a per-the solution of Eq(2.10, is approximated by a Maxwellian
fect gas, is defined according to Dalton’s law, whérés  distribution functionfi(o) perturbed by®; such ag®;|<1,
Boltzmann’s constant, which is the first-order perturbation function of thia spe-
cies with the temperaturg; :

N
= i 2.6
p=2, P 28 f=1O(1+ D). (2.11
where Inserting Eq.(2.11) into Eq.(2.10), it can be shown that
pl:nlkTei (27) Df(o) N
() OO (D! 4+ B VK. — D — D,
pi=nikT, (i=2). ey ot " | ] [epuerape-o-a
p; andp; (i=2) are, respectively, the partial pressures of X gbdbcdo;. (2.12
electrons and heavy species. The following operator is also
introduced: According to the Chapman-Enskog method, whose the as-
R sumptions are recalled, for instance, in R&2], the Max-
D_o .o F o ,g Wellian f(© and the unknownsb; are assumed to vary
Dt ot UF ﬁ ARTE (2.9 slowly in space and time over a distance of a mean free path

and over the time of a mean free flight. This assumption
In many of the following developments, the temperatlife justifies, in a first approximation, neglecting the derivatives
will be associated to thigh species. However, in the realistic of ®; as well as of products @b; with derivatives off(*) on
case of a two-temperature plasmg=T, if i=1 andT; the left-hand side of Eq2.12.

=Tpifi=2. 19 represents the zero-order approximation of Chapman-
Enskog’s expansion and does not vanish for two colliding
B. Resolution of Boltzmann’s equation particles with different temperatures:
The resolution of Boltzmann’s equation is based on the N
Chapman-Enskog expansiofl. 1(0)er R
P g expansioal 0= f f f (1O @ —£00)gh db db ds;
=1
1. Subdivision of Boltzmann’s equation : (2.13

The distribution functiorf; of theith species is the solu-
tion of the integrodifferential equation of Boltzmafb: Ii(o) will be introduced into the calculation of the left-hand
side of Eq.(2.12).
Df; N L . A term K;(W;, 6;;), taking into account the thermal non-
D_t:jzl f f f (fifj—fif)gbdb de dvj. (2.10 equilibrium when electrons and heavy species collide, has
been introduced as follows:

f/ is the distribution function after collision of thi¢h spe- ()¢ 1 (0) — £(0)¢(0) o
cies,g is the relative velocity of the specieand;, andb and £ =R VKW, 0) Y je[15N],
€ are, respectively, the impact parameter and the incidence (2.149
azimuthal angle.

The mixture can be characterized by the knowledge of th&vhere
unknownsn;, vy, Te, andT, by solving the equations of
continuity, momentum, and energy obtained from Boltz- Ki(Wi,ﬁij)zexp(—(W{z—Wiz)(l—Bij)) (2.195
mann’s equation. These equations of change are derived ac-
cording to the chosen approximation order for the distribuyith
tion function of different species. When inserting a
Maxwellian distribution function, which corresponds to the T
zero-order approximation, into the equations of change, the 0;; =_|_—' (2.16
obtained Euler equations can be solved and each flux of mo- j
lecular properties vanishes. If the first-order approximation
of the distribution function is introduced into the equationsandW; is the reduced velocity after collision.
of change, the Navier-Stokes equations are obtained. This However, it has to be noted th&;=K; and, of course,
system then requires the calculation of transport coefficientehen two species with the same temperature collide,
to be solved. The equations of change out of thermal equi=1. The introduction oK; allows the definition of bracket
librium have been derived in Ref37]. integrals to be generalized out of thermal equilibrium.

Thus, it will be assumed that the zero-order approxima- The calculation oD f{?/Dt and Df{?/Dt (i=2) is ob-
tion function is Maxwellian afT for electrons andr,, for  tained using the equations of chan@].
heavy species. The distribution function of thé species, For electrons, it is shown that
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DfY Lo IR
Dt — 1O (W2=5)V, -V In To+ 2WOW, :Vig
(0) \7 N
1 2w2_ 1 (P2 F_nF
* T, Wi D+ (p ,Zl nFj—n.Fy
—%?p+€p1 } (2.1

For heavy speciesv(i=2), it is shown that

Df{®
——=fO (W2=3)V;-V In T, + 2W°W; : Vi
Dt i i 2 i h i VVi- 0
Y, Vi (pi N
(n—nkT (GWi-1)+ nkT, Z,Zl nFi
> Pi = >
_anl_;Vp+Vp| } (2-18)
where

e

X (Vi2=VA)1OOgb db ds dis,dij. (2.19

Q(10) corresponds to the exchanged kinetic energy between
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with
N
n=> n. (2.24
=1

X; is the molar fraction of the speciésThe molar fractions
obviously check

N
2 Xi:]"
=1

(2.25
So, the partial pressure of electropgis written as
— kAT, = 0P 2.2
P1=nkOTh =3 =1y (2.26
Thus, it can be shown that
- op - X160 - Xp(1—Xq) -
Vp1=FVx1+ FVD‘F ?Va, (2.27
where
D=1+x.(6—1). (2.28

The partial pressurg; (i=2) of theith heavy species is also
written as

electrons and heavy species during collisions. It can be cal-
culated using variable changes similar to those given in Aptherefore

pendix B. Neglecting the terms suchras/m; (i=2), it can
be shown that

kT, m; —
M1 S
7Tm1) Z nJ m] Q:LJ '
(2.20

QY™ being a collision integral defined ifB7]. WOW, is
defined in Appendix A.
However, Egs(2.17 and(2.18 are modified as follows

Q&°>=4kn1<Th—Te>(

to take into account the coupling between electrons and

TP 229
pl_ I h_1+Xl(0_1)! .
- p . Xip(6—1) . Xi = XiXeP -
(2.30

Using Eq.(2.21) and substituting Eq€2.27) and(2.30), re-
spectively, into Eqs(2.17) and (2.18, we get the following
using1{?). For electrons,

(0)

=1 O= 10 (W= 5)(Vy- V InTy) + 2WW, V5

heavy species. i
It is assumed that the thermal nonequilibrium defined by +—r §.+ 91 V.- VI
. . 1 1-Vine
the ratio #=T./Ty, depends on space vectdr that is, 0 nkTe Nk
=6(r).
Hence, +(W2=3)V,;-Vin 0}
(0) 2\W2— 1) — —
Moreover, the total pressugeis written as +Q1 {nlkTequ 1 Q&O)}’ (23D
N
p=n1kTe+2 n;kTh (2.22 where
i=2 N ) op
= P1 - - X0 p1| s =
or d]_:; ;1 nJFj—n1F1+(F— ;) p D—VX]_
D (2.32
KTh (2.23

T n[1+x,(60—-1)]

and
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X1P(1—Xq)
9=——Dpz -

(2.33

For heavy species £2),

Df® .o Lo
D—t—|§°>=f§°> (WZ2=3)(V;-VInT,) + 2WAW, : Vi
\7i - ggl - = (0)
+ KT, -di+ nikThVi-V In6|+Q}
f .1
I S B Ly Y A
X (n_nl)kTh(l 3W|) ng) ) (234)
where
pi < Xi P P
> 1 g > I 1 > =
di:;;]- njF]—n,F,—i- 5—; p+BVXi
Xi(6—1)p -
I D2 X1 (2.39
and
XiX1p
9=—pz - (2.36
With these definitions, it is checked that
N
> d;=0 (2.37
i=1
and
N
21 gi= (2.39

The transport terms, Eq&2.31) and(2.34), show that trans-

port phenomena are due to a new grad€elmt 6, which char-

TABLE I. Definition of R{™¥, R(™Y and ("9,

PHYSICAL REVIEW E 64 026409

acterizes the temperature difference between electrons and
heavy species, the heavy species temperature gradient, the
velocity gradient, external forceé$orced diffusion, the con-
centration and pressure gradients, and a term acting on the
hydrostatic pressure to the first-order approximation of So-
nine polynomials. The introduction &fIn 6 allows the ex-
change of transport propertigmass, momentum, and en-
ergy) between the subsystems consisting of electrons and
heavy species, which are not isolated from each other.

From a calculation point of view, the introduction of
Vin 6, allows us to consider the coupling between electrons
and heavy species in the resolution of systems of linear equa-
tions, which give the transport coefficients.

2. Presumed form of the first-order perturbation function

According to relationship$2.31) and (2.34), a general
form of ®;(Vi) in Eq. (2.12 can be presumed such that

@i:—ﬂi-ﬁlnTh—§i1650+ éfaj—i_DngLO)

uYE

N
+21 EJ gﬁln ﬂ—ﬁi~€|n 6. (239)

=
The previous unknowng; are replaced by the new ones:
A;, B, C!, D;, E/, andF;. It has to be noted tha; , C/,
EJ , andF, are vectorsp; are second-order tensors, abg
are scalars.

Substituting Eq(2 39 into Ea. (2 12 and identifying the

terms in factors ofVInTh, Vvo, i Ql , gJVIne and

Vin @ in the left- and right-hand side due to Eq2.31) and
(2.34), a general formulation can be defined as follows:

S

h,k
_Tg )

T/ ™0 K (W, 6,))

~T{"gb db c dyj, (2.40

R&h,k) Ri(h,k) -I-Eh k)
(i=2)
PE-WoV FOG-WaV, A
—2 FOVRW, -2 fOWW, B;
(0. (O™ Vs ((0.(On=0 iV i
nkTe n;kTy,
£ , 11 £ , 110 D,
nlkT( Wi QY ~(n—n )kTh( sWi-1)- QY
0 (91— 3uVs (.08 81V, EfX
1 nlkTh ! nikTh
G-WV, 0 F
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TABLE II. Definition of n, W;, andt{j" . U is the second-order
unity tensor.

Ti(h,k) n W, ip
> 3 -
Ai 2 Wi aip
§i g W?\K/|:W|W|_%WIZG bip
c : W, Cip
D; % 1 dip
Ehk 3 W, el
i
'E g Wi fip

whereT{"™¥ is a tensor, a vector, or a scalar. Table | gives the

correspondence between E¢z40 and(2.12) after the pre-
vious substitutions. The unknow@! and E" have been re-
placed, respectively, as shown[#], by C"'—CK or C"* and
E"® taking into account Eq$2.37) and(2.38. The indexes
andk vary from 1 toN.

;; are Kronecker symbols defined such &g=1 if i
=], and §;;=0 otherwise.

3. Auxiliary conditions

It is assumed that the unknowA$™¥ are expressed as
linear combination of Sonine polynomiﬁ(wf) defined in
[6] (£ is the order of the expansian

PHYSICAL REVIEW E 64 026409

N
izl mif (Gi—0U0)2f(Od,dv;=0.

As a result, several constraints on the different unknowns are
introduced according to E¢2.39:

N

(2.49

N[

> n(mT)¥aak =0, (2.45
=1
wheret{(" is equal toajo, ¢y, €], andfjy. This con-

stra|nt(2 45 takes into account the fact that the sum of mass
fluxes has to vanish in the mixture. Moreover, we also get

dio=0, Vi, (2.46

)

i=

n;T;d;;=0. (2.47)

4. Introduction of systems of linear equations

Multiplying Eq. (2.40 by W,ST(W?), integrating over
vi, and definingR("¥ as

hk) _
I:Qi(m )_f

sets of linear equations for each unknown are introduced
taking into account the previous constraints:

(RMW)STWHds;, (248

_ N  é-1
WZ tISRW?), (2.4)) ,—; pzo mp(hkl= (00, (2.49
whereW;,t{ , andn are defined in Table II. where
Auxmary conditions have to be taken into accolift: 2rm: | 12
r-(h'k)=(—') R(hH (250
m le im ] .
in(o)d)idz?i=0, (2.42
mp 2’7Tmi 1/2
N qu = kT| Q|] ’ (251)
2 fv,ff(’)cp dv;=0, (2.43 i
n;(m;T ) o Lhk hk  .hk
Qmp——r( JTJ)l QiP6modpo if tip=2a, Cjp, €p, or fjp
e hk_
QfjP= Qi if tip=bjp
e hk_
er]]p——Q” m05p1 if tjp_dip
with
N pr— pr— pr— pr—
7= 2 min A8 [WSTOWE); WiSH WD) i+ 85, LWL STOWE); W, SROWE) i - (2.52

Q{}‘p are expressed as functions of bracket integrals that are generalized out of thermal equilibrium as follows. They are
introduced with notations similar to those of Chapnedral. [6],
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TABLE llI. Calculation results of {:¥ andr " .

tip r{fi rihk (i=2)
aip 15 l/2n151 15 1/2n 51
bip 27Tm1 12 2’7Tmi 12
—=5n; W Som —5n; k_Th Som
e
hk
Cip (61nh— 61k) Som (6ih— Sik) Som
2 12
3 KT, 3m KT,
dip )Yy, I (2wm1)1’2 (27m) i1, o) (2wmi)1’2
(KTe) QY (n—ny)(kTy) %2 QY kT,
hk
€ip (61nh— 61k) Som 0( Sih— Jix) Som
2 12
3 KT, 3m KT,
fip i, 8y, 0

[v=vi82“<vv?>;v=vi83<vv?>]i,-=% J f f J OO (W, SBW2) — W, SBW/ 2)K; (W, 6)): W, ST(W2)gb db b dijidi
it
(2.53

= = 1 = = =
[wisnm(wﬁ);szg(wf)]ij:ﬁf f f f f1OF0 (W, SRW?) — W, SRW[ K (Wi, 6;5): W, ST(W?P) gb db & dz;d; .
(2.54

For a collision between two particles belonging to the same speeigs,Ti=T;, andK;=1, the definition is the same as
that of Chapmaret al. [6],

WL = [ [ | [ (oro@ sy + Wehwe) - W spow;?)

— W SP(W'2)):W,SM(WR)gb db d dd;do. (2.59

It has to be noted that the symmetry by changing func-gradient. This new contribution will allow us to define new
tions in the bracket integral expressions is not conserved beransport coefficients.
cause of the presence of the teky(W, , 6;;) when two spe-
cies with different temperatures collide, that is, for two

. A. Diffusion coefficients in a multitemperature plasma
functionsF; andH;,

The diffusion velocity is given by

[Fi;HTi#[H Filij - (2.56 -
The values of ("X are given in Table IIl. Vi:n_ij VifidVi. 3.
J( is defined as

Insertingf; =f(®)(1+ ®,) due to Eq(2.39 into Eq.(3.1), we

Ji(r?n):j {OSTA (W) dy; . (257  get
J© can be easily calculated following the expansions shown = N D'
in Appendlx B; its result is given therein. Vi= n.pk - i(Dij d +D|191V In 6)— nm V InTy
IIl. TRANSPORT COEFFICIENTS Die* _
———=Ving, (3.2
The diffusion velocity, heat flux, and pressure tensor are n;m;

introduced in the usual form due to the first-order perturba-
tion function but taking into account the temperature ratiowhere
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12 vz
_MipkTi (KT 3.3 2= s mikT | 20 ) g (3.11
ij nm; | 2m 0> : J AT 11 .

0 _
Y nm

_NipkT, (ﬂ) meji (3.4 with T;=T,if i=1 andT;=T, if i=2. «{ is the translational
2m;) Y thermal conductivity of théth species.

An alternate contribution due to the thermal nonequilib-
rium appears in Eq3.7) and its corresponding thermal con-
ductivity Kia as shown in the derivation of diffusion velocity.
The calculation is quite different from that performed at
and equilibrium because of the asymmetry of calculations intro-

1o duced by th_e presence of_different temperatures. _It has to be
DY — nm(ﬂ) . noted that, in the expression of thermal conductivity of elec-

! " 2m, 10 tronsk;, the termf=T,/T,, takes into account the fact that
their heat flux is calculated with respect to the temperature
Igradient of heavy specie@Th.

The true translational thermal conductivity can also be

1/2

KT,
i, (3.5

DiT=nimi(2—mi

(3.9

with, of course,T;=T. if i=1 andT;=T,, if i=2. The dif-
ferent unknowns are determined by solving sets of linea
equations defined in the preceding section. defined by introducing the specific enthalpy of the ith

The coefficientD;; are the two-temperature ordinary dif- g0 cied53] such thap h; = 2n;kT; . It is shown that the heat
fusion coefficients, which the simplified theory of Devoto ¢ . can be written as

does not provide, anfi)iT are the two-temperature thermal
diffusion coefficients. New thermal nonequilibrium diffusion

N _
coefficientsD{ and Dia* are introduced taking into account G=2, | hi— p_k M AV
the temperature difference between electrons and heavy spe- =1 n j=1 njmm
cies and corresponding to diffusion due to the gradient of the N
temperature rati@d=T./Ty,. It has to be noted that the dif- _ VT + kT VIno 31
fusion velocity of electrons depends on the heavy species izl (VT r Ty ) (3.12

gradient. In fact,T, can be considered as a reference tem-
perature, the temperature differen€g and T,, being com-
pleted by the introduction d]){’* (see Table)l The diffusion
coefficientD{ traduces a mass transfer in the mixture, which N
tends to eliminate the temperature difference between elec- A= kP (3.13
. 17 . jio .
trons and heavy species. Moreover, E§.2) can be ex- =1
pressed as a function &f In T, using the relatior(2.21).

where

. L . , pk N KﬁTkEjk T
B. Translational thermal conductivity in a multitemperature Ki=kK; +— ——F—D,, (3.19
i . T k
plasma N jk=1 MN;M; Ty

The heat flux is given by

N D
0 p_k ki BTk

N K;j :Ki,0+ ) Dk’ (313
GZ%E mjf VIZVJfIdVJ . (37) njk=1 nJmJTI
i=1
and
Inserting the form off;, that is,f;=f{®)(1+®;) due to Eq. - |
(2.39, into Eqg.(3.7), the heat flux is then given b D; n
q d Y DY/=—— >, mD{g; (3.16
N — N D n;m nikai =1
4= STV — k! VTp— i/ T ¥ I 60— S, — g
=0 I A Sinm ] with T;=T. if i=1 andT;=T, if i=2.
(3.9 Ej; is the element of the inverse of the matrix where the
general element i®;m; as defined if53]. «; and k! are,
where respectively, the true translational conductivity due to the
12 temperature gradient of heavy species and thermal nonequi-
o =5 Ln (ZkTi a. (3.9 librium between electrons and heavy species. The thermal
T m, " conductivity due to the nonequilibrium thermeff highlights
the energy transfer between the two subsystems consisting of
KT\ 12 N electrons and heavy species, which are not independent any-
10— _Skn i fo— 2 ell (3.10 more. This energy transfer tends to remove the temperature
i 4 R0 ] i1 & |1gj ' . . . . .
[ j=1 difference between both species in the mixture.
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C. Viscosity coefficient in a multitemperature plasma [V=V]- Sﬂ(Wiz);VT/i Sﬁ(Wiz)]ij defined in Sec. IIB4, Wheré/=V
The pressure tensgf is given by andn are, respectively and successivaly,and, WW and
3. The calculation of the bracket integral in whigt andn

N Ty are, respectively, 1 andl is not presented because it is not

=2 f dv;. (3.17  directly used in the calculation of transport coefficients. Its

derivation can be easily obtained following Appendix B.

|nsertingfi:fi(0)(1+q)i) due to Eq.(2.39 into Eq.(3.17,  Only the results are presented below, whereas Appendix B
the tensor of pressure is given by gives more details about the derivation of
[W; ST (W2); W, SB(WH) T . In Sec. VIA, comments are
N given about computed results for an electron—heavy-species
p=2, [MkTi(1-d,Q")U-2,8). (319  collision.

i=1 Moreover, the expressions of bracket integrals corre-
sponding to the collision electrons-electrons or heavy
species—heavy species are the same as at thermal equilib-
rium, but with the correct corresponding temperatures.

The viscosity coefficieni; associated to thigth species is

i =3nikTibjo (3.19
with Ti=Te if i=1 andT; =Ty, if i=2. A. Calculation of the bracket integral
The tensorS has the components [Wisqyz(wf);szgz(wf)]”
Following notations given in Appendix B, where reduced
1/ v Svg)| 1 - . masses are defined as
] 2 5)( —_—_t—— 5X §5ijV'U0.
It has to be noted that the hydrostatic pressyre Milzmi—Ti’ (4.2)
=3N . nikT, defined at the zero-order approximation of the mTj+m;T;
distribution function is perturbed bg; obtained from the
second-order approximation of Sonine polynomials.
IV. CALCULATION OF BRACKET INTEGRALS IN A Mizzmj—Tj, 4.2
MULTITEMPERATURE PLASMA miTi+mT;
This section is devoted to the calculation of bracket
integrals ~ such  as [W;SH(W});W;Si(W?)]; and itis shown in Appendix B that
(m
[W; S WP); W, S W) i =8 (m )3 03’2[1+M|1<9 DIMEPME 2 X Agee 0 (43
qpr’ 7’
whereQi(j'"r/) is the collision integral taking into account the interaction potential between the speciég Their definition

is given in Sec. V.Aq,p are numbers depending an;, m;, and 6;;=T;/T;. They are obtained from the following
expression:

> Agprv? cos x=2 Y (r+3+ 9By — A cosy})(— 1) T[2(1—cosy) 1<
qpr’/’

X(Z COS)(+ 0” _1)|(0|j _1)2r+/72k7m7i(0ij +1)/7mMirii-/—k—mMir2—k—i

(r+3+/),(j+m!
|(k_J)|||(r_ _l)lml(/ ///)l( +m-— n)|n|'

(4.9
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where O<r'sp+q+1,
m .,
,7”:#, 0</"'=<qg+1.
i
For the right-hand side of Ed4.4),
- T +myT,
AT A mT) O<j<ksr=p+q,
Aij=Mix(1—6;) + aj o<i<r—Kk,
Bij=Miz7;(1—6;). /=p+q+j—2k—i,
The term rg denotes the product of the factors r, ,
r—1,...r—q+1. The sum of the left-hand side of expres- Os=m</,
sion (4.4) is independent of that of the right-hand side. The ‘
sums have to be developed in accordance with the summa- O<k+i+/—q<j+m,
tion conditions given below.
First, for fixed values ofy andp, the double sum on the n=k+i+/—q.

left-hand side of Eq(4.4) is developed over’ and/”. This

expansion will be the same in expressigh3). Then, the |t has to be noticed that whef); =1 in the final expansion,

multiple sum of the right-hand side of expressi@h4) is  our results lead strictly to those obtained [15y6].
developed over, k, |, i, /, andm. Lastly, the coefficients in

front of the productsy®®cog y on the right-hand side are

. o . . B. Calculati f the bracket int I
identified with theAg,., numbers on the left-hand side of aieujation o7 e bracket integra

RS 2 \\/. QP 2)1..
Eq. (4.4 and are introduced into E¢4.3). [WiS3,(Wi); WiSga(Wi) i
The summation conditions are the following. For the Following a calculation similar to the previous one, it can
left-hand side of Eq(4.4), be easily shown that
|
Y 2\ 77 aP 2 (mi+mj)3 3/2 32 ’ /")
[Wisg,/z(Wi):Wisg/z(Wi)]ij=8W ;i (Mi1M;5) > Agpr 55 77 (4.9

(| qpr’ /!

WhereAépr,/, is @ number depending an;,m;, and #;=T;/T;, which is obtained from the following:

2 Al 7P cos x=2 [Mig(r+3)+ ¥ Ay (1+cosy) — M1y (65 +1)"(6;— 1) 17T 2Mi,(1

apr’/’
= M) ™ (2M = 1) M2 cosy+ 6= 1)) 2 2Myy + Mg (65— 1)
- (=) (r+3+/) (m+i)!
+2Mis i cosx I S T IR =T =) ml (/= m)Tul (m+ i — )T (4.6
|
where osn<j-i,
Aij=Miz+ M;1Mip(6;;—1). 0=<2k+2/—j—p—q=/,
The summation conditions are the following. For the left- O<k+/—n—q=<2k+2/+i—j—p—q,

hand side of Eq(4.6),

u=k+/-n-q,
O=r'sp+qg+1,

m=2k+2/—-j—p—q.
0=/"<qg+1.

C. Calculation of the bracket integral
[WPW; SE,(W?); WPW, SE/Z(WJZ) T
O=sisjsksr=p+q, It can be shown that

For the right-hand side of E¢4.6),
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WO 2\ VOS2 (W2 _16(mi+m)° o, P+ (512 p g a1+ (5/2)
[WPW; SEA(W) s W, jsslz(Wj)]ij_gweij Mi1 T M

X[1+Miy(65-1)] 2,/, Bapr QY ). (4.7)
qpr 7/

CoefficientsB,,, . are obtained due to

> B v? 008 x=2 y¥|(r+3)(r+3%)+(2r+5)y2(Bj;— A;j cosy) + v*

apr’/”
A2
i L B .
x| (Bj;—Ajj cosy)?~ 71(1—co§ X)) (—1)*[2(1-cosy)]* I(2 cosy+ 6; — 1)'
X(alj _l)2r+/72k7m7i(0ij 4 1)/7mM :‘f/*k*mM :‘ka*j
(r+3+/),(j+m!
X - — - ~ - , 4.8
ptk=p)lit(r=k=i)!m!(/=m)!(j+m—n)!n!
|
where /=p+q+j—2k—i,
_mi _miTj+iji 0<=m=/
nij_ﬁja aij—m, ’
O<k+i+/—qg<j+m,
Aij=Miz(1=6;j) + ajj
n=k+i+/—q.
Bij=Miz7;j(1—6;). q
The summation conditions are the following. For the left- D. Calculation of the bracket integral
hand side of Eq(4.8), [WOW, SE,(W2); WO, SB.(W)
O<r'sp+q+2, It can be shown that
0</'<q+2. [W?Wng/z(Wiz)§VV})VVjSE/2(W12]ij
) ) 4.9
. 3
For the right-hand side of E¢4.8), :1_6 (mi+mj)2 oM M2 S B s
O<j<k=r=<p+q, 3 (mymy)¥2 7 AT £ Papr
o<is<r—Kk, CoefficientsB ., ., are obtained from

2 Bgpu, Y cos y=2 [

(r+%)(“Fg)MizlJf(zr+5)72Mi1[Aij(1+COSX)_Mi2]+ ¥* [Aij(1+cosy) —M;,]?

qprl/l
Aizj 2r n 2r+j—i—2kpgr mpar+j—k=i /=m
_7(1—0052)() Y (6 +1)"(6;;— 1) Mio(1—M;1)"Mjq (2M;—=1)’
X (2 cosy+ 6;;— 1)1 2—2M;; + M1 (67 — 1)+ 2M;, 6 cosy]* ]
(—D(r+3+7) (m+i)!

X — . , (4.10
(r=k!(k=pDlitn'(j—i=n)!m!(/=m)tul(m+i—u)!

where
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TABLE IV. Calculation of Ay .+ for different values ofg with TABLE VI. Calculation of Ay for different values of9 with
a mass ration; /m;=10"">. a mass ration; /m;=10""°.

0 1.00 1.25 1.50 2.00 3.00 0 1.00 1.25 1.50 2.00 3.00

Agor1 —1.00 -1.25 —1.50 —2.00 —3.00 A11 —13.75 —8.50 —5.00 —-0.63 -3.75
Aq1o1 5.00 3.30 3.00 4.50 11.00

Aq12o 2.00 0.75 —0.50 —3.00 —8.00

Aij=Mix+M;1M;5(6;; —1). Aj;; —1.00 -1.40 —-200 -350 —7.00

A1z 0.00 0.50 1.00 2.00 4.00

The summation conditions are the following. For the left-
hand side of Eq(4.10),

peratures, the variable chang@&b) and (B6) given in Ap-
O<r'sp+q+2, pendix B imply the introduction of an effective temperature
of collision Tjj such that

0=</'=<qg+2. 1

mi+mj

mp m

T, T

*

For the right-hand side of E¢4.10, .

-1
} . (5.3

However, Hirschfelder has defined a transport cross section
Q" such that

Osisj<sksr=p+q,

osn<j—i,
Q=2 g, (5.9
0=2k+2/—-j—p—q=/, g
‘ that is,
O<k+/—-n—qg=2k+2/+i—j—p—q,
+ o
(") = — '
U=k+/—n—q, Qi 2wf0 (1—cos )b db. (5.5
m=2k+2/—j—p—q. Expressing Eq(5.2) with the variabley (defined in Appen-
diX B), ’yz:MngZ/ZkT;’;,
12 .\
V. COLLISION INTEGRAL " kT ) r e*“/zyz"*e'Qi(-/")dy, 56
The definition of the collision integral is the same as that : 27 pij 0 :

given by Chapman and Cowlirig], wij=mym;/(m;+m;) being a reduced mass.

¢i<]_/’>: f (1—cog” y)gb db, (5.1) VI. APPLICATION TO A TWO-TEMPERATURE ARGON
0 PLASMA

. o ) In this section, an application is presented for a two-

Q' )=771’zf e V2B d y, (5.2  temperature argon plasma. First, computed results of bracket
0 integrals show clearly the discrepancies with respect to the

. ) equilibrium. Transport coefficients are then calculated for

X being the deflection angle. ionized argon plasma out of thermal equilibrium.

oy and Q") are, respectively, the transport cross
section and the collision integral. It has to be noted that A. Comments on the results of bracket integrals in a two-
during a collision between two particles with different tem- temperature plasma

Some computed results of the calculation of expressions
(4.4) and (4.8) are presented below for different values of
(9,p for a mass ration; /m;= 10", which corresponds to an

TABLE V. Calculation ofAqy,» andA,q - for different values
of 6 with a mass ration; /m;=10"">.

P 1.00 1.95 1.50 2.00 3.00 electron—heavy-species collision. The behaviorAgf, -
andBg,r .+ is given in Tables IV-VIII as a function of ther-
Ao111 —2.50 -3.12 -3.75 —5.00 —7.50 mal nonequilibriumé. It is to be noted that, in this casey
Aonr —2.50 —-1.00 0.00 1.25 2.50 is the mass of an electron. Consequently, is calculated
Ao1o1 1.00 1.25 1.50 2.00 3.00 such that¢;;=1/6. The thermal nonequilibrium has been
Alo21 1.00 1.40 2.00 3.50 7.00 chosen to vary from 1 to 3 because experimental stufioes
Ao122 0.00 0.00 0.00 0.00 0.00 example dealing with a free-burning af23] or an induc-
Alo22 0.00 —0.50 —1.00 —2.00 —4.00 tively coupled plasma torcf26]), close to the atmospheric

pressure, have shown thdtdoes not exceed 3. First, it is

026409-13



V. RAT et al. PHYSICAL REVIEW E 64 026409

TABLE VII. Calculation of By, for different values o® with TABLE IX. Electron thermal conductivity for different values of
a mass ration; /m;= 10°5. 0 calculated afl =20 000 K.

0 1.00 1.25 1.50 2.00 3.00 0 1.00 1.30 2.00 3.00
Boo11 -5.00 -6.25 -7.50 -10.00 —15.00 Ke(Wm K™Y 2.58 2.71 2.95 3.20
Boo21 0.00 0.63 —1.50 —4.00 —12.00 kDO (W mTTK Y 2.58 2.38 2.00 1.85
Boo22 1.50 2.34 3.37 6.00 13.49 [34,37

observed that our results strictly lead to those presented iand the two-temperature plasma composition is obtained us-
[5] at thermal equilibrium §=1) in each calculatiorisee ing the Saha equation for ionization of Van de Sandeal.
Tables IV-VII). [45]. Electron Ar and AF species have been consid-
Moreover, Table V shows that a asymmetryAgy, .~ and  ered. Transport coefficients are calculated in the fourth ap-
A1n -, arises when calculating fat# 1 as predicted in Sec. proximation ¢=4) for different values of.
IB4. Table IX presents a comparison of the electron thermal
Tables V, VI, VII, and VIII show, respectively, the intro- conductivity calculated from the expressith14 and from
duction of new coefficient®\g;,, and Ao, A1132, B1oo1, expressions given if87] for different values of the nonequi-
andBg3; and Bg33, Which are not present at thermal equi- librium parameter and forT,=20 000 K. The total thermal
librium. As a result, the corresponding collision integralsconductivity is not displayed because the contribution of

Qi(j/’,r’) will have to be taken into account in the calculation €lectrons is more prevalent when calculating the thermal
of transport coefficients out of thermal equilibrium. Thus, it cOnductivity at that temperature. It has to be noted that the
is shown that the previous linear combinations are signifi€lectron thermal conductivity, has been calculated with
cantly modified in comparison with equilibrium. respect to the electron temperature gradient to be compared
Besides, it has to be underlined that the results presentd@ that of Devoto, so that expressi@14) has to divided by
in these tables are different if bracket integrals are calculateé- ] )
with a mass ratian, /m;=10"%, except at thermal equilib- First, the presented theory gives the same results as other
rium, because of the asymmetry previously dealt with. In thisauthors[1,7] at thermal equilibrium{when 6=1.00. More-
case, it is observed that coefficients of linear combination§Ver, it has been checked that, at thermal equilibrium, the
do not significantly vary. Indeed, when an electron and d€sults obtained frorf37] are the same as those of the com-
heavy species collide, the latter is much less affected bylete calculation, which confirms that the simplified theory
collision than the electron. Thus, whemn; /m;=10"5 m, of the transport coefficient is valid at thermal equilibrium.
represents the mass of a heavy species. As a resuit, it is However, the simplified theory of Devoto, modified by
expected that, according to the definition of bracket integral®0onnefoi, underestimates the electron thermal conductivity
[expressior(2.54)], the results of the calculation of the latter When nonequilibrium conditions are applied. The discrep-

are slightly modified regardless of the applied thermal nonancy reaches more than 40% fér3.00 (see Table IX. It
equilibrium . can be observed that the electron thermal conductivity of

P ; ’ Devoto decreases witld. It has been checked that, when
Similar behaviors oA, . andB, ., computed from

expressiong4.6) and(4.10), are observed when varyirgy In calculatingx, with #=1.00 but with a nonequilibrium com-

this case, these coefficients depend on the massnafim; position, « increases with respect to the equi_librigm valug.
at thermeil equilibrium ! Table X shows two-temperature ordinary diffusion coeffi-

cients calculated aT.=6000K for different values off.
This temperature has been chosen because ionization is no
longer negligible and the ionization of argon atoms is not
An application of transport coefficients derived in the pre-completed, which allows us to observe the behavior of dif-
vious sections is presented for a two-temperature argofusion coefficients implying electron Ar and Arspecies.
plasma. Calculations are performed at atmospheric pressure First, the obtained equilibrium valueg+ 1.00) forD.a,
are in good agreement with the admitted values since it has
TABLE VIII. Calculation of B, for different values obwith ~ been checked that the value of electrical conductivity, which
a mass ration; /m;=10""°. is a function ofD_a, @aNdD ¢ ar+ With D p,~De.ar+ , IS that
obtained at thermal equilibriufb3].

B. Two-temperature transport coefficients in an argon plasma

0 1.00 1.25 1.50 2.00 3.00
By —1750 —10.50 —5.83 0.00 583 TABLE X. Ordiniiry diffusion coefficients for different values
Bioyy  7.00 841 1166 2100  44.32 Of ¢calculated alf,=6000K.
B1o22 5.25 1.75 -1.75 -8.75 —22.74 P 1.00 130 2.00 3.00
B1os1 0.00 0.36 1.08 4.00 16.65
Biosz  —1.50 -2.69 —475 —11.50 —35.58 Dear (MPsh) 7.73 5.92 3.84 2.55
Bioas 0.00 0.94 2.25 6.00 18.00 Dt (1074m2s™h) 2.58 2.38 2.00 1.85
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It is observed that two-temperature diffusion coefficientsmal equilibrium. Moreover, the derivation of diffusion
decrease withg. The diffusion coefficientD 5.5+ being a  velocity shows that nonequilibrium diffusion coefficients
function of ¢ only through the composition, the latter con- characterizing the temperature difference in a two-
tributes to decrease the diffusion coefficients. The same oltemperature plasnid 6=V (T,/T,)] have to be introduced.
servation can be made f@r._,,, but the influence through ~ The translational thermal conductivity is also altered com-
the bracket integrals emphasizes this tendency. A more deared to previous calculations.
tailed analysis of transport coefficients over a wide range of An application is presented for a two-temperature argon
temperature will be performed in a future paper. plasma commonly used in experimental devices. Calculated

The consistent calculation of the electron thermal conductwo-temperature transport coefficients show that the devel-
tivity . shows that the calculation of thermal diffusi@]  oped theory is consistent. First, the model in which=Tj,
as well as that of ordinary diffusion coefficieris; , through  checks equilibrium results given in the literature. Secondly,
the inverse matrix elemeri;;, are consistenfsee relation the simplified theory of transport coefficients, very often
(3.14)]. Is has been checked that the two-temperature diffuused in modeling, underestimatesTgt=20 000K the elec-
sion coefficients satisfy symmetry conditions through Egq.ron thermal conductivity up to 40% compared to the accu-
(2.45. This calculation also shows that, contrary to a com-rate value for a nonequilibrium parametgs+ 3.00. Lastly, it
monly accepted idea, the transport coefficients have to bis shown that two-temperature diffusion coefficients, satisfy-
computed keeping the coupling between electrons and heavgg symmetry rules, can be calculated between electrons and
species in nonequilibrium conditions, which is not the caseéheavy species, contrary to what happens when using the sim-

of the commonly used approach of Dev¢8#,35. plified theory of transport coefficients of Devoto, and when
6#=1.00 have values currently admitted at equilibrium.
VII. CONCLUSION The derivation developed here will allow a physically rig-

o o orous treatment of transport properties in nonequilibrium

An alternate derivation of transport properties in a two-plasmas. Particularly, it will allow the combined diffusion
temperature plasma has been performed. Recent works haygefficient method of Murphy to be applied to nonequilib-
shown that the simplified theory of transport properties outjuym plasmas and describe demixing in non-LTE regions

of thermal equilibrium introduced by Devoto and then modi-sych as those observed close to the electrodes in dc arcs or in
fied by Bonnefoi and neglecting the coupling between electhe fringes of an arc column or a plasma jet.

trons and heavy species leads to unphysical results. Thus,
two-temperature transport coefficients have been derived
starting from Boltzmann’s equation. The latter is solved by
using the well-known Chapman-_Engkog method, which has Consider two vectord andb with respective components
been adapted to thermal nonequilibrium plasmas. It has been .
assumed that the distribution function of species, the solutiof®x+&y,3z) and @y,by,b;). The product of these vectoad

APPENDIX A

of Boltzmann’s equation, is a Maxwellian, B for electrons 1S Written
and T, for heavy species, perturbed py a sIov_va time- and ab, ab, ab,
space-dependent first-order perturbation function. -

The zero-order approximation of the subdivision of Bolt- ab=| a,b, asb, ab,
zmann's equation using the Chapman-Enskog method does ab, aby, ab,

not vanish for two colliding species with different tempera-

tures, that is, fc_>r eIectrons_and heavy species. ansequent% is a second-order tensor.
the corresponding expression has been included in the calcu-
lation of the first-order perturbation function. The latter has
been shown to be a function of the temperature gradient of o -
heavy specieor of electrong, which can be considered as a W=W— 3 (Wyy+Wyy+W,,)U, (A1)
reference temperature gradient, and a gradient of temperature =

ratio 6=T,/T},. The introduction of the gradieit ¢ allows ~ wherew,,, wy,, andw,, are components of tensuv.

us to define separate systems of linear equations for the cal- The double product between two second-order tendbrs
culation of transport coefficients and to maintain the cou-ang\W’ is written as

pling between electrons and heavy species in the resolution
of these systems, which was not the case in the simplified
theory of Devoto. To solve them, the calculation of bracket
integrals, introduced by Chapman and Cowling, has been
generalized out of thermal equilibrium. These bracket inte- , ) ) - o
grals are significantly modified in comparison with those atapg @1dW,, being, respectively, components\fandW'.
thermal equilibrium. This is due, on the one hand, to the

Let W be a second-order tensi#],

WW' =, W W, g, (A2)
ap

coefficients of these linear combinations, which are then APPENDIX B
drastically changed following the applied thermal nonequi- _ o _
librium, and, on the other hand, to the introduction of colli- ~ This appendix is devoted to the calculation of the bracket

sion integrals with indexes (,/') higher than those at ther- integral [W;S},(W?);W;S5(W?)];; and that ofJ(%). The
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derivation of the other bracket integrals is similar to the fol-
lowing.

1. Encounter relationships

An isolated system, consisting in two colliding particles

PHYSICAL REVIEW E 64 026409

andj, is considered. It is assumed, for the sake of generality,

that the kinetic temperatures of the spedieend | are, re-
spectively, T; andT;.

Vi, V;, Go, andg are, respectively, the peculiar veloci-
ties of specie$ andj, the velocity of their mass center, and
their relative velocity.

The classical encounter relationships are the following:

Vi=Gp— —_g B1
i— 20 m; + m] g, ( )
V=Gt —1_ g (B2)

! 0 m; + m] 9,

Whereg): lj] - lji :\7] _\7i .
The reduced velocities of specieandj are

V_\)/ B m, 1/2_) 83
i~ 2kT| i ( )
LR B4
i~ 2ij j (B4)

The following variable change introduced by Devp8d] is

M. __ M7 (B9)
T A m T
_ i
MIZ_ miTi+ijj ' (Blo)
m; T;
P B
M]l miTj+iji, (Bll)
m;T;
M= T m T, (B12)

It has to be noted that v/ and’ are, respectivelyW; and
v after collision, it follows that

W =M T - M5y’ (B13)

and[6]
=7, (B14)
79" =v?cosy. (B15)

2. Calculation of [W;S$,(W?); W;S8,(W2) 1;
This bracket integral callet]; is defined in Sec. 11 B 4 by

1 -
Iij:ﬁffjfi(O)f](())[WngQ(sz)
in;

— W Ki(Wi, 0;) S5 W/ %) ]- W, ST WE)

used: X gb db de dv;do;. (B16)

According to the definition of Sonine polynomidl], I;; is

L[ m oy | the coefficient ofsPt? in the expansion ofl;; defined as
F0‘(2|<Ti+2ij> Go. (B5) !
1 ~5/2 ~5/2 (0)£(0) (\/ @— SW
" Mj=——(1-5) %41-1) HOF O\ e~ SW
N [ mimj ( m; N mJ )} g (BG) it
Y= 2 . - -
(mi+my)* 1 2kT; ~ 2KT, ~W/Kie SW").Wie ™ gb db dedidi;,  (B17)
where

During a collision between a heavy particle and a light one,
the collision mass center is almost that of the heavy particle.

I, is therefore mainly a function of; if my<m;. However,
since the velocity of the light particle is much higher than
that of the heavy one in the previous assumptipis mainly

a function of T;. Inserting this variable change into Egs.
(B1) and(B2), we get

t
1-t°

After performing the variable changéB5) and (B6) and
inserting the Maxwellian distribution functions defined as

3/2

m,
R R (0)_ [ w2
W, =M Y27 — M Y23, (B7) fi _ni<—277kTi) exp(—Wo), (B19)
W= MY2F -4 M Y25 (B8) (0) m | 2
=M +M: — _
j jito 27 i = n-( ) expl— W) (B19
! ! ZﬂTkTJ J

where reduced masses have been defined:

into Eq. (B17), we get
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(m+m)

(mim;)

Xffffe—wf—wf(wje—smf

N 2 12 2 >
_erefsv% (1= G W WPy Wie’TWiz

(1 5) 5/2(1 t) 5/2 -3 (M|1M|2)3/263/2

x gbdb dedlyd7, (B20)
whereK; has been replaced by its value
Ki(Wi, ;) =exil — (1— 6y (W ?=WD)].  (B2D)
As shown in[6], let Hj;(x) be such that
Hij(X)zf ex — W, —W? = SW2—TW,
— (1= 0 (W >~ W2 W, -Wdl'y. (B22)

Thus,H;;(0) is the limit function ofH;; (x) when the species
i andj do not collide:

Hij(O)zj exp( — W2 — W2 — SWE— TWA)W, - W;d .
(B23

Equation(B17) can be written as follows:

(m;+m;)3
T

:(1_5)—5/2(1_':)—5/2,”.—3 (mim )

(M |1M |2)3/263/2

Xfff[Hij(O)—Hij(X)]gbdded?- (B24)

Several relationships useful for the following expansion are

defined below:

0..23 :ﬂ
ij Tj’ 7ij mj,
1/2

(%ﬁmz) 0;;=Ma, (B25)
(M)”Z:M_ ) (M)”ZM. o
Mjl i27ij » M i20ij »
MiiMi2605=M1M,, (B26)
Mj2=Mi1+Mi;Mip( 65— 1), (B27)
Mj1=Mio+M;1Mio( 67— 1), (B28)
1-M1Mi;=MpMj =M1 Mp(65+1),  (B29)
a;=1+SMj;+TM;q, (B30)
aji=1+SMj,+TM;y, (B31)
S =1-0,-6;S, (B32
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by =ay— —— T2+2S*Tcosy), (B33
ij

W, =M —MY2y (B34

W/ =MPTo+ M2y (B3Y)

Using the relation$B30), (B31), (B32), (B34), and(B35), it
can be shown that

Hij()():f exd —a;T5—a; Y2+ 2(M;;M;) Y- (S* ¥

+T9) W/ - W,dT. (B36)
If, instead of choosing; for the calculation of Eq(B22), K;
is used, the same result is obtained.

Let X be such thaf6]
(Mi1M;)*2

=1:0—T(S*77’+T)7).
ij

>

(B37)

The H;;(x) function is written with this variable change:

>

H”(X):f exp(—aisz—bij ’}’2) ;W,d)z (838)

The scalar produdtV/ -W; is calculated with Eqs(B34) and
(B35 and integration relationships given in Chapman and
Cowling [6], so that

Hij(x) = 7% i7" a (M M) VT § + 92
X (1—bjj;+Bjj—Ajj cosy)] (B39
with
Aj=Mix(1-6;)+a;j , (B40)
” :miTJ- +m;T, ’ (B41)
m; T +m;T;

Bij=Miz7ij(1—6;). (B42)

So, using the fact that

e b= el bV =g 7 2 (J'r—lb”)r 2

0 ' (B43)

we get

o0

_ .2
Hij(x)=m"% yaijSIZ(Mqul)l/ZrZO(r+%+3’2

r
'J) 2r

X{Bijj — Ajj cosx}) (B44)
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After having calculated % b;; thanks to its definition, it follows that
(1=9)41-0) "2z ¥ Mi1M;1) 5 (0)
2r

e |7
=e VZO r_l(r+%+72{Bij_Aij cosx})

{ SMi;—tMj [ 1+ M;(6;; —1)(2 cosy + 6;; — ]+25tM,1M 2(1—cosy)+M;1M;,(1— 0”)}
{1-SMi1—tMp[ 1+M;y (65— 1) ]} 52

(B45)

Equation(B45) can be written as a series such that where
(1=-8) A1 —-t) 727 ¥ M ;M) " H (x) _m _mTi+myT;
. T me ST mT A m T
=e " D Agpr7? cos x(Mig9)P(M1)", A=Mo(1—6)+a
qpr’ /" ij i2 ij ij
B46 Bij=Mizmij(1-6;).
(B46)

whereA,,, .+ is a number depending am,, m;, T;, and The summation conditions are the following. For the left-
T P hand side of Eq(B51),

The remaining calculation is not worth presenting because osr'sp+qg+1,
it is similar to that shown if6]. Thus, only the final results

are given below. O=/"<g+1
= g 20T P a2 For the right-hand side of E¢B51),
[WiSa2 W)W, Sl Wi T O<j<ksrs=p+q,
(m;+m;)*
(mm)’ O 1+ My (67 O=i=r—k,
L /=p+q+j—2k-i,
—DIVMEEMG 2 X Agpe Q) (B47)
qpr’/’ os=m=/,
with
O<k+i+/—q<j+m,
(/ ) —
f (1-cos” x)gh db, (B48) n=k+i+/—q.
Qi(j/,‘r,): Trllzjwe—y (r +1)¢(/ ) (B49) 3. Calculation ofJi(r?])
0

It has been shown that

¢i(j//) anin(j’//’r/) are, respectively, the transport cross sec-

tion and the collision integral defined by Chapneiral. [6]. Jf%)=f 1{OSh(WA)dg; (B51)
The Aqprr,» NUmMbers are obtained by using successively

Newton binomial decompositions of expressiofB45).  \here

Thus, it can be shown using E46) that

N
' ' (0)_ 1(0)57(0) _ £(0)£(0) s
apr’”” (B52)
= Y (r+3+ Y*{Bi;—Ajj cosy})(—1)/ Note that the calculation has been performed for two collid-
ing particlesi andj with different temperatures. Following
X[2(1—cosy)]* 1x (2 cosy+ 6;;— 1)’ the previous expansions, it can be shown that
X ( 0” _ 1)2r+/72k7m7i(0” + 1)/7mMir1+/fkmeir27kfi ])

. o= E 8n; Jﬁf(MilMiz)S/zﬂﬁlz
(r+ +7) (j+m)!

il — i)l —k—1D\Im!(/— | — Inl’ ror
Jr(k=j)rit(r i)!mi(/—=m)!(j+m—n)!n! > Dmr’/’Qi(j/ o) (B53)
(B50) mr’ /"

X
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D+ are numbers depending oy, m;, T;, andT; and
are obtained using the following expression:

E Dmr’/"y2r cos’ X

mr' /'

2r
y
:% (r—K)Ikl /! [—Miz=MisMiz(1-6;)2

+2M;3Mi5(1— 6;)cosy ][ Mi;Mo(1— 6;;)]

X(1=M; ) (r+%+/),. (B54)
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The conditions of summation are the following. For the

left-hand side of Eq(B54),

!

r

71
/'<=m.

For the right-hand side of E¢B54),
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